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The estimation of osmologial parameters from osmi mirowave experiments has almost always
been performed assuming gaussian data. In this paper the sensitivity of the parameter estimation
to dierent assumptions on the probability distribution of the utuations is tested. Speially,
adopting the Edgeworth expansion, I show how the osmologial parameters depend on the skewness
of the Cℓ spetrum. In the partiular ase of skewness independent of ℓ I nd that the primordial
slope, the baryon density and the osmologial onstant inrease with the skewness.
I. INTRODUCTION
The new generation of osmi mirowave bakground
(CMB) experiments (see e.g. [1, 2, 3℄, and the future
missions Plank [4℄, and Map [5℄) promises to estimate
the osmologial parameters within a preision of 1%.
The urrent dataset already allows in some ases an un-
ertainty below 10% on suh parameters as the baryon
density or the primordial spetral slope. Suh a preision
allows and demands a lear assessment of the theoretial
assumptions.
So far, all the estimations of osmologial parameters
based on the CMB data assumed a Gaussian distribu-
tion of the primordial utuations (the only exeption I
know of is Ref. [6℄ in whih the primordial slope n was
estimated in presene of skewness). Suh an assump-
tion is based on the onventional models of ination and
has the obvious and enormous advantage of being sim-
ple and uniquely determined. However, the gaussianity of
the primordial temperature utuations is still to be fully
tested [7, 8, 9℄ and there exist several theoretial models
whih atually predit its violation [10℄. Therefore, it is
neessary to quantify how the osmologial parameters
derived from CMB experiments depend on the statistial
properties of the utuation eld.
In this paper I derive the dependene of four osmo-
logial parameters on the skewness of the utuations as-
suming a at spae. The parameters are the primordial
slope n, the baryon and old dark matter resaled density
parameters ωb ≡ Ωbh
2, ωc ≡ Ωch
2
( h is the Hubble on-
stant in units of 100 km/se/Mp), and the osmologial
onstant density parameter ΩΛ. The at spae onstraint
redues to the relation h2 = (ωb + ωc)/(1− ΩΛ).
It is lear that removing the hypothesis of Gaussianity
leaves room for an innity of dierent possible assump-
tions onerning the utuation distribution. I adopt
here the Edgeworth expansion (EE), for three reasons:
a) it an be seen as a perturbation of a Gaussian fun-
tion; b) it is easy to manipulate analytially and ) it is
the distribution followed by any random variable that
is a linear ombination of N random variables in the
limit of large N (for N → ∞ the Edgeworth distribu-
tion redues to a Gaussian). The latter property might
be useful to desribe utuations that arise due to several
independent soures. The EE has been previously used
in osmology to model small deviations from Gaussianity
[11, 12, 13, 14, 15℄.
The main drawbak of the EE is that it is not positive
denite. However, when the deviation from Gaussianity
is small, this problem is pushed many standard deviations
away from the peak and does not aet the parameter
estimation.
This paper is meant to exemplify the eets that a non-
zero skewness introdues on the likelihood estimation.
For generality, I will not onne myself to any spei
mehanism for generating the non-gaussianity. Moreover,
for simpliity, I will skip over several additional ompli-
ations like bin ross-orrelations, alibration, pointing
and beam errors that an aurate analysis should take
into aount.
II. EDGEWORTH LIKELIHOOD
The likelihood funtion usually adopted in CMB stud-
ies (e.g. [1, 2, 3, 16℄) is an oset log-normal funtion.
This funtion is an approximation to the exat likelihood
that holds for Gaussian data in presene of Gaussian
noise [16℄. The oset depends on quantities that are not
yet publily available; sine the oset an be negleted
in the limit of small noise, we assume as starting point
a simple log-normal that, negleting fators independent
of the variables, an be written as
− 2 logL(αj) =
∑
i
Zℓ,t(ℓi;αj)− Zℓ,d(ℓi)
σ2ℓ
, (1)
where Zℓ ≡ log Cˆℓ, the subsripts t and d refer to the the-
oretial quantity and to the real data, Cˆℓ are the spetra
binned over some interval of multipoles entered on ℓi, σℓ
are the experimental errors on Zℓ,d, and the parameters
are denoted olletively as αj . We neglet also the resid-
ual orrelation between multipole bins, whih should be
anyway very small for the latest data. An overall am-
plitude parameter A an be integrated out analytially
adopting a logarithmi measure d logA in the likelihood.
Writing Cˆℓ = ACˆ
′
ℓ it follows Zℓ,t = logA + log Cˆ
′
ℓ,t =
2logA + Z ′ℓ,t so that, negleting the fators independent
of the variables and putting w = logA, we obtain
L ∝
∫
exp
[
−
∑
ℓ
[w +∆ℓ]
2
2σ2ℓ
]
dw ∝ e
−
1
2
(
γ− β
2
α
)
, (2)
where
∆ℓ = Z
′
ℓ,t(ℓi;αj)− Z
′
ℓ,d(ℓi),
α =
∑
1/σ2ℓ , β =
∑
∆ℓ/σ
2
ℓ .
γ =
∑
∆2ℓ/σ
2
ℓ .
Let us now introdue the Edgeworth expansion. De-
noting with xℓ = (w +∆ℓ) /σℓ the normal variable in the
Gaussian funtion, the Edgeworth expansion is [17℄
P (xℓ) = exp
[
−
x2ℓ
2
]
[ 1 +
k3,ℓ
6
H3(xℓ)+
k4,ℓ
24
H4(xℓ) +
k23,ℓ
72
H6(xℓ) +..., ] , (3)
where kn,ℓ is the n-th umulant of xℓ and Hn is the Her-
mite polynomial of n-th order. Notie that the EE has
the same norm, mean and variane as the Gaussian, but
dierent mode (the peak of the distribution). Here, as
a rst step, we limit ourselves to the rst non-Gaussian
term ontaining the skewness k3,ℓ.
Assuming that xℓ is distributed aording to the Edge-
worth expansion, we an build the trunated Edgeworth
likelihood funtion [14℄ to rst order in k3,ℓ:
L = e−
∑
ℓ
x2
ℓ
2
[
1 +
κ3,ℓ
6
∑
ℓ
H3(xℓ)
]
,
with H3(xℓ) = x
3
ℓ − 3xℓ. Now, integrating over w we
obtain
L =
∫
e−
∑ x2
ℓ
2
[
1 +
1
6
∑
k3,ℓH3(xℓ)
]
dw =
√
2π
α
e
−
1
2
(
γ−β
2
α
) [
1 +
1
6
g(k3,ℓ,∆ℓ, σℓ)
]
, (4)
where
α3g(k3,ℓ,∆ℓ, σℓ) = (−3αβ − β
3)
∑ k3,ℓ
σ3ℓ
+(3α2 + 3αβ2)
∑ k3,ℓ∆ℓ
σ3ℓ
− 3α2β
∑
k3,ℓ
(
∆2ℓ
σ3ℓ
−
1
σℓ
)
+α3
∑
k3,ℓ
(
∆3ℓ
σ3ℓ
− 3
∆ℓ
σℓ
)
.
This is the likelihood funtion that we study below. The
eet of the extra terms is to shift the peak (or mode) of
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Figure 1: The squares mark the mode of the Cℓ distribution
for k3 = −2 (light squares), and for k3 = 2 (dark squares).
The data are from Cobe and Boomerang.
the distribution of eah Cℓ while leaving the mean unper-
turbed. Sine the shift depends on ∆ℓ ,σℓ and k3,ℓ, the
resulting mode spetrum will be distorted with respet
to the mean spetrum. Therefore, the likelihood maxi-
mization will produe in general results that depend on
k3,ℓ. In Fig. 1 we show the peak shift introdued in the
simplied ase in whih the skewness is independent of
ℓ: if k3 is negative, the spetrum is shifted upward by
a larger amount at the very small and very large multi-
poles, and by a smaller amount around ℓ = 200, where
the relative errors are the smallest; if k3 is positive the
shift is downward. As a onsequene of the distortion, we
expet that a onstant negative skewness favours spetra
whih are tilted downward with respet to the Gaussian
ase, and the ontrary for a positive skewness. In general,
the osmologial parameters will depend on the multipole
dependene of k3,ℓ. For small k3σℓ, the shift an be ap-
proximated by
Cℓ (mode) = Cℓ(mean)(1− k3σℓ/2). (5)
Clearly, if the peak shift introdued by the EE were inde-
pendent of ℓ, the integration over the amplitude w would
erase the non-gaussian eet on the likelihood. That is,
putting σℓ and ∆ℓ equal to a onstant independent of ℓ
we obtain g(k3,ℓ,∆ℓ, σℓ) = 0.
III. DEPENDENCE ON THE SKEWNESS
To evaluate the likelihood, a library of CMB spe-
tra is generated using CMBFAST [18℄. Following [1℄
I adopt the following uniform priors: n ∈ (0.7, 1.3),
ωb ∈ (0.0025, 0.08), ωc ∈ (0.05, 0.4),ΩΛ ∈ (0, 0.9).
As extra priors, the value of h is onned in the range
(0.45, 0.9) and the universe age is limited to > 10 Gyr.
The remaining input parameters requested by the CMB-
FAST ode are set as follows: Tcmb = 2.726K, YHe =
0.24, Nν = 3.04, τc = 0. In the analysis of [1℄ τc, the op-
tial depth to Thomson sattering, was also inluded in
3the general likelihood and, in the at ase, was found
to be ompatible with zero at slightly more than 1σ .
Therefore here, to redue the parameter spae, I assume
τc to vanish. The theoretial spetra are ompared to the
data from COBE [16℄ and Boomerang [1℄.
To speify the skewness k3,ℓ three simplied ases are
studied: in the rst one (onstant skewness), k3,ℓ = k
∗
3
is assumed independent of the multipole ℓ; in the se-
ond (gaussian skewness), the skewness is assumed to be
generated by some proess only in a partiular range of
multipoles:
k3,ℓ = k
∗
3e
−(ℓ−ℓ∗)2/2∆∗2ℓ , (6)
where, in the numerial examples below, I put ℓ∗ = 200
and ∆∗ℓ = 20. In the third ase (hierarhial skewness),
the hierarhial ansatz is assumed [19℄, in whih the
skewness of the temperature eld is proportional to the
square of its variane. At the rst order, we an assume
that the skewness of the Cℓ distribution is proportional
to the skewness of the utuation eld, so I put
k3,ℓ = k
∗
3 (Cℓ/C
∗)
2
, (7)
where, for instane, C∗ = C200. In all three ases k
∗
3 is
left as a free parameter. These three hoies are of ourse
purely an illustration of what a real physial mehanism
might possibly produe.
Fig. 2 shows the one-dimensional Edgeworth likeli-
hood funtions marginalized in turn over the other three
parameters. For the onstant skewness, k∗3 varies from
-1.6 to 1.2 ( light to dark urves): below and above these
values the likelihood begins to show pronouned nega-
tive wings, whih signals that the rst order Edgeworth
expansion is no longer aeptable. While the likelihood
for ωc is almost independent of k3 , it turns out that the
other likelihoods move toward higher values for higher
skewness. As antiipated, this an be explained by ob-
serving that a higher skewness implies smaller Cℓ at small
multipoles: a tilt toward higher n and higher ωb gives
therefore a better t. The eet is of the order of 10%
for k∗3 ≈ 1.
In the gaussian skewness ase the trend is qualita-
tively the opposite, as an be seen in Fig. 3, where k∗3
ranges from -4 to 4 (light to dark). Here the osmo-
logial parameters derease for an inreasing skewness.
The reason is that now the eet is onentrated around
the intermediate multipoles ℓ ≈ 200: a positive skewness
indues smaller Cℓ at these multipoles, and therefore a
smaller n and ωb helps the t. The third ase, the hier-
arhial skewness, is not shown beause is qualitatively
similar to the previous ase: the region around ℓ = 200
is in fat also the region where Cℓ is larger and therefore
k3,ℓ given by Eq. (7) is larger.
Fig. 4 summarizes the results: the trend of the esti-
mated parameters (mean and standard deviation) versus
k∗3 in the onstant skewness ase. The onstant plateau
that is reahed for k∗3 < 0 depends on the fat that for
large and negative skewness the peak shift is independent
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Figure 2: Likelihood funtions for the four osmologial pa-
rameters in the onstant skewness ase. The skewness in-
reases from -1.6 to 1.2, light to dark.
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Figure 3: Likelihood funtions for the four osmologial pa-
rameters in the gaussian skewness ase. The skewness in-
reases from -4 to 4, light to dark.
of k3. The osmologial parameters an be well tted by
the following expressions:
n = 0.90(1 + 0.03ek3), (8)
ωb = 0.021(1 + 0.05e
k3), (9)
ωc = 0.115(1 + 0.025e
k3), (10)
ΩΛ = 0.67(1 + 0.06e
k3). (11)
For h the t is h2 = 0.42 1+0.03e
k3
1−0.12ek3
. Notie that the trend
for h is stronger than for the other variables: h goes from
0.65 to 0.85 when k3 inreases from -1.6 to 1.2. Similar
relations an be found for the other ases as well.
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Figure 4: Variation of the mean and standard deviation of the
osmologial parameters versus k
∗
3 in the onstant skewness
ase.
IV. CONCLUSIONS
This paper illustrates quantitatively a basi and ob-
vious fat about osmologial parameter estimation,
namely the dependene on the underlying statistis. Al-
though the gaussianity of the CMB data is still to be
proved, almost all the previous works estimated the os-
mologial parameters assuming vanishing higher order
umulants. Here it has been shown that a non-zero skew-
ness distorts the mode spetrum with respet to the mean
spetrum, induing a onsiderable variation to the best
t osmologial parameters.
The Edgeworth expansion we used in this paper is on-
venient for analytial purposes but its use is limited to
relatively small deviations from gaussianity. In fat, the
peak shift displayed in Fig.1 is always smaller than the
errobars, and as a result the parameters, although vary-
ing with k3, remain always within one sigma from the
zero-skewness ase. This, however, does not mean that
the dependene on the higher order moments an be ne-
gleted, rst beause it is a systemati eet, and seond
beause more general probability distributions whih are
not small deviations from gaussianity might introdue
muh larger shifts.
We have shown that, to rst order, the peak shift
∆Cℓ/Cℓ is proportional to k3,ℓσℓ. The error σℓ inludes
osmi variane and experimental errors. In the future,
the main soure of error will be osmi variane, at least
below ℓ = 2000 or so. A skewness of order unity will
therefore introdue an additional skewness bias that
will limit the knowledge of the osmologial parameters
by an amount similar to the osmi variane itself. At
this point it will beome neessary to estimate k3,ℓ along
with the other parameters. The rst order EE is however
inadequate, sine it is linear in k3,ℓ, and it will be nees-
sary to extend the expansion to higher orders [6, 13℄, or
to adopt a non-perturbative non-gaussian distribution.
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